Abstract. We analyze a real one-parameter family of quasiconformal deformations of a hyperbolic rational map known as spinning. We show that under fairly general hypotheses, the limit of spinning either exists and is unique, or else converges to infinity in the moduli space of rational maps of a fixed degree. When the limit exists, it has either a parabolic fixed point, or a pre-periodic critical point in the Julia set, depending on the combinatorics of the data defining the deformation. The proofs are soft and rely on two ingredients: the construction of a Riemann surface containing the closure of the family, and an analysis of the geometric limits of some simple dynamical systems. An interpretation in terms of Teichmüller theory is presented as well.
We analyze a real one-parameter family of quasiconformal deformations of a hyperbolic rational map known as spinning. We show that under fairly general hypotheses, the limit of spinning either exists and is unique, or else converges to infinity in the moduli space of rational maps of a fixed degree. When the limit exists, it has either a parabolic fixed point, or a pre-periodic critical point in the Julia set, depending on the combinatorics of the data defining the deformation. The proofs are soft and rely on two ingredients: the construction of a Riemann surface containing the closure of the family, and an analysis of the geometric limits of some simple dynamical systems. An interpretation in terms of Teichmüller theory is presented as well.
Here is an informal introduction to our techniques and results, described in the combinatorially simplest case. Let d ≥ 3 and let Poly ) is one-complex dimensional, combined with the fact that there is only one critical point which can be responsible for changes in dynamical behavior, makes analyzing the limiting behavior of the path f × t more tractable. Under the right conditions, any limit point of f × t is a point on the boundary of H(f × 0 ), and so this analysis gives a mechanism for understanding certain slices of this boundary. Compare Rees [Rees] where similar slices and paths are introduced in the study of quadratic rational maps.
Spinning, the topic of this paper, is a special case of such a path. The term "spin" was introduced by Birman [Bir] to describe certain self-homeomorphisms of surfaces with marked points. Fix, say, a torus T with d − 1 ≥ 2 marked points c = c 1 , c 2 , . . . , c d−1 . Let γ be a simple closed oriented curve in T based at c and avoiding c 2 , c 3 , . . . , c d−1 . To spin c around γ, we simply slide the marked point c continuously around γ by a one-parameter family of homeomorphisms of T which are the identity off of a neighborhood of γ. When T is the quotient torus associated with the attracting fixed point a(f × 0 ), it turns out that spinning c around γ is a special case of the type of deformation introduced in the previous paragraph. We shall show that under suitable hypotheses, spinning paths converge, and parabolic points develop via parabolic implosion. (There is a related phenomena in the setting of Kleinian groups: when T is one of the two ideal boundary components associated to a Fuchsian hyperbolic manifold H 3 /Γ, spinning provides a means for constructing one-parameter families of quasifuchsian deformations for which the algebraic and geometric limits are distinct [Bro] .) The hypotheses are a little involved, combinatorially, and our main results are stated precisely in §1.3 after some necessary definitions.
1.1. Definition of spinning. Although we shall only treat the simplest cases in this work, we formally define spinning in a general context. Notation. Let f : P 1 → P 1 be a rational map of degree d ≥ 2. The grand orbit of a point z ∈ P 1 is the set of w such that f •i (z) = f •j (w) for some i, j ≥ 0. LetĴ denote the closure of the grand orbits of all periodic points and all critical points of f . The setĴ contains the Julia set. Its complement,Ω, is therefore contained in the Fatou set.
The setΩ is the union of disjoint open subsets Ω dis Ω fol . The set Ω dis is the subset of points whose grand orbits are discrete subsets of P 1 (these are contained in attracting and parabolic basins), while the set Ω fol is the subset of points lying in basins foliated by real-analytic closed curves which are components of the closure inΩ of grand orbits (these are contained in superattracting basins, Siegel disks, and Herman rings). For generic hyperbolic rational maps, Ω fol is empty.
Quotient surfaces. By the classification of stable regions, the set Ω dis consists of points lying in the basin of attraction of parabolic and (nonsuper)-attracting cycles. The restriction of f to Ω dis is a holomorphic self-covering, so the quotient Ω dis /f of Ω dis by the grand orbit equivalence relation is a one-dimensional, possibly disconnected complex manifold and will be called the quotient surface associated to f . The quotient surface is a disjoint, possibly empty union of at-least-oncepunctured tori (one for each attracting cycle) and at-least-once-punctured copies of C * (one for each parabolic cycle), where in each case the number of punctures is the number of grand orbits of critical points in the corresponding basin. Note that by a theorem of Fatou, the immediate basin of an attracting or parabolic cycle contains at least one critical point, and yields therefore at least one puncture in each case.
Let Ψ : Ω dis → Ω dis /f be the canonical projection.
Input data for spinning. Let S be a component of Ω dis /f with at least two punctures. Let Ψ(c) be one of these punctures, where c is a critical point of f (abusing notation, we write c = Ψ(c) if no confusion can arise). The point c we call the spun critical point. Let S = S ∪ {c}, let γ be a simple closed oriented curve containing c, and let [γ] denote its homotopy class in π 1 (S , c).
It turns out that as a discrete process producing a sequence of (Möbius conjugacy classes of) maps f n , n = 0, 1, 2, 3, . . ., spinning depends only on f , Ψ(c), and the homotopy class of [γ] (see §7). However, to make spinning a continuous process producing a path of maps f t , t ∈ [0, +∞), we must introduce restrictions on γ and some noncanonical choices.
We suppose γ is real-analytic. Then there is an annular neighborhood A of γ such that A ⊂ S and such that γ is the unique essential curve fixed by an anticonformal involution of A. By the Uniformization Theorem and the Riemann mapping theorem, we may assume that the universal covering space A is given by Figure 1 . Spinning on the torus. The annulus A is the subannulus which includes the two regions where "twisting" occurs. The curve γ is the central curve of A. A = {x + iy ∈ C| − 2l < y < 2l} where l > 0. Let p A : A → A be the universal covering map, analytic on the interior and continuous on the boundary, such that p A (R) = γ, p A is orientation-preserving on R, and p A (0) = c. By precomposing with a map of the form x + iy → ρ(x + iy), ρ > 0 we may assume that the map on A induced by lifting γ is translation by one (to the right). Note that this implies that the modulus of A is 4l. With these conventions, the covering space and map p A : A → A are unique.
Definition of spinning. Let
by linearly interpolating translation to the right by t on the horizontal strip |y| ≤ l and the identity map on the boundary of A. More precisely, set
We set h t = h(·, t) : A → A. The key features are:
• For each t, the map h t is quasi-conformal, h t | ∂ A = id, and h t commutes with the group of deck transformations, thus giving a well-defined map h : A × R → A.
• h extends to a continuous homomorphism from the reals under addition to the group of qc self-homeomorphisms of the Riemann surface S , such that h t is the identity on the complement of A. If e.g. S is a torus T with punctures, then h extends to T as well.
• For each t, the map h t : S → S is conformal on the complement of the region p A (l < |y| < 2l), a union of two parallel subannuli of A. Also h t (A) = A, so that the modulus is unchanged.
Finally, let µ t be the f -invariant Beltrami differential obtained by pulling back the dilatation of h t under the canonical projection Ψ : For example, the critical points c and b in Figure 2 are both visible, while in Figure 3 critical point b is visible but c is visible after one step. Note that a visible critical point b necessarily has infinite forward orbit, hence φ(b) = 0 in a linearizing coordinate φ.
1.
2. An example. Consider, for complex c = 0, the family of cubic critically marked polynomials
). This family consists of polynomials with an attracting fixed point of multiplier 1/2 at the origin, normalized conveniently so the leading coefficient is −1/3, and having two marked critical points c and b = b(c) = − Let us set Figure 4 . The evolution of the dynamics is shown in Figure 5 . The limiting map in the above example is
where
1.3. Main results. We will consider only the case of spinning critical points in attracting basins. That is, we consider spinning a single puncture Ψ(c) around a curve γ ⊂ S , where S is a complex torus T with punctures. We do not require that c is in the immediate basin B of the attractor. (If c is not in B, then c is not visible with respect to γ.) Recall that the torus T has a canonical homology class α represented by a counterclockwise oriented simple closed curve surrounding the attractor which is round in the linearizing coordinates. Standing assumptions. In each of the results below, we assume that a rational map f is given, and the triple (S, c, γ) for which we spin is chosen as follows: (A1) a is an attracting fixed point, B is its immediate basin, S =B/f is the quotient surface, Ψ :B → S is the projection, and c is a critical point whose grand orbit passes through B;
are the corresponding classes and "·" is the signed homological intersection number. (A3) The grand orbit of c does not contain other critical points, and there exists a critical point b ∈ B which is distinct from c and which is visible with respect to γ.
The sign conventions on the intersection number mean, in particular, that if we lift α, γ under the projection p : C − {0} → T to oriented curves α, γ in the linearizing coordinate plane for a, then α winds counterclockwise once about the origin and γ is an infinite ray pointing away from the origin, invariant by z → f (a)z.
Remarks.
(A1) keeps our exposition free of additional notation. (A2) implies that the spun critical points are pushed away, rather than toward, attractors.
(A3) keeps the discussion generic and avoids the need for separate consideration of a plethora of combinatorially distinguished special cases.
Genericity. Critical orbit relations.
A rational map (respectively, a polynomial) is critically generic if every critical point (respectively, every finite critical point) is simple. A rational map (polynomial) has no critical orbit relations if the grand orbits of any two distinct (finite) critical points are disjoint, and the forward orbit of every (finite) critical point is infinite. (By converging to infinity, we mean that given any compact subset K of We note that Cui, by very different methods, has announced sufficient criteria for the existence of spinning limits in which multiple critical points are spun [Cui] .
Theorem 1.2 (Lands or diverges
The following theorem states what dynamical features are inherited by limits of spinning. Theorem 1.4 (Spinning limit inherits a large part of the dynamics). Suppose F is an arbitrary rational map and (S, γ, c, a, B) satisfies the standing assumptions. Let 
(ii) U contains the attractor a and all critical points converging to a except those in the grand orbit of c;
(iv) after passing to a subsequence, the embeddings
J tn converge uniformly on compact subsets to an embedding J :
If D is a Siegel disk for F , the conformal radii of J tn (D) may shrink to zero, and we do not understand what the consequences of this are for dynamics. On the other hand, the modulus of an annulus controls the size of at least one of the complementary components. Hence, if the images under J tn of a Herman ring for F degenerate, then one side of the Herman ring collapses in the limit. The proof will show this is not possible under the hypotheses of the above theorem.
The following result describes the possibilities for the new dynamics arising in the limit. The orientation conventions on γ imply that the spun critical point "moves away" from the attractor. Theorem 1.5 (Possibilities for the spun critical point c). Let F be an arbitrary rational map and (c, γ) satisfy the standing assumptions, where c is visible after r steps. Let
Under further assumptions, we can make more precise the connection between visibility and the limiting dynamics. Combined with Theorem 1.4, the previous theorem shows:
Corollary 1.5 (Geometrically finite limits). Under the hypothesis of Theorem 1.5, assume in addition that F is hyperbolic. Then,
(1) if r = 0, i.e.
, c is visible, then c ∞ lies in the immediate basin of attraction of a parabolic fixed point of G with multiplier
is a repelling fixed point of G.
In particular, the limit G is geometrically finite, possessing a single critical point c ∞ which does not converge to an attractor.
The arguments used to prove the above results do not identify how the parabolic fixed point of the limit G in case (1) is created. With more work, we have the following.
First, some notation. Let A c be the central subannulus of A on which the spinning map h is holomorphic (see Figure 1 ). Denote the boundary components of A c byδ ± . Their lifts to the dynamical space have a unique component δ ± with a as one endpoint. More precisely δ + joins a to a repelling or parabolic fixed point u + ; similarly δ − joins a to a point u − (see Lemma 8.2). The points u + and u − may or may not coincide. In Figure 2 , the points u ± are the points in the Julia set directly above and below, respectively, the attractor a. As we perform spinning along γ, we obtain 
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(4) The multipliers λ
for some real number m < 1, and therefore λ tn → 1 tangentially as n → ∞. If c is visible after r ≥ 1 steps, then u
The proof relies on a soft but subtle analysis of certain geometric limits, developed in §8. The proof also shows Theorem 1.7 (A case of divergence). Assume that f is a hyperbolic rational map (not necessarily critically generic), (S, c, γ) satisfies the standing assumptions, and c is visible. If u + = u − , then σ γ converges to infinity.
1.4.
Outline of the paper. The proof of Theorem 1.2 comprises the following steps, which include proving Theorems 1.4 and 1.5. Theorem 1.3 is proved in essentially the same way.
Step 1. The spinning path σ lifts to a continuous path σ
where X is a Riemann surface lying in a suitable space of maps f × with normalized and marked critical points. We give two constructions of X, one in §2 using holomorphic motions, and a second in §7 using properties of puncture-forgetting maps between Teichmüller spaces.
Step
This follows from Theorem 1.4; see §3.
Step 3. The set of accumulation points of σ × (R) (with respect to the topology of X) is discrete in X. This follows immediately from Theorem 1.5, proved in §4, since multipliers vary holomorphically.
Step 4. We assemble the results in §5 to prove that the set of accumulation points of σ × ([0, ∞)) (with respect to the topology of X) is either empty or one point, using in an essential fashion the connectedness of the image of the spinning ray. In the latter case the spinning ray converges in X. Hence by Step 2, the spinning ray converges in Rat d /Aut(P 1 ) .
Step 5. Independence from noncanonical choices is shown in §7, using Teichmüller theory and results of Bers and Nag.
Appendix 8 develops the theory of geometric limits of invariant strips needed for the proof of Theorems 1.6 and 1.7. Appendix 9 contains miscellaneous analytical results used in several places.
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Construction of X
The main result of this section is the construction of a certain Riemann surface X consisting of rational maps with normalized marked critical points. The surface X is defined implicitly by fixing the dynamical behavior of all but the spun critical point. It will contain a lift of the spinning path, and any limit of spinning, as we shall later show. Let S, B, a, c, etc., be as in the setup for spinning. Let φ : (B, a) → (C, 0) be a linearizing coordinate (cf. [Mil] , Cor. 18.4) and p : C − {0} → T be projection from this coordinate to the quotient torus. Since the spinning homeomorphism h t : T → T acts trivially on the homology of the quotient torus, it lifts under p to a map h t : (C, 0) → (C, 0). Let a t = H t (a) and B t = H t (B) be the corresponding attractor and basin for f t .
Lemma 2.1. For all t ∈ R, h t is the identity outside of p
−1 (A), and the map
is a holomorphic linearizing map conjugating f t to multiplication by λ. In particular, the multiplier of a t is again λ.
Proof. See Figure 6 . By construction, the map h t •φ•H −1 t : B t → C is well defined, holomorphic with respect to the standard conformal structure and conjugates f t to multiplication by λ.
Our strategy for creating X is to work within a suitable space GRat
in which the critical points are marked and the maps are normalized by e.g. conjugating so three critical points are at 0, 1, ∞. Given the data defining spinning, label the critical points of f and normalize to get a map • for i ∈ I, the critical point c i is in the immediate basin B i of an attracting, but not superattracting, cycle a i , c i has infinite forward orbit, and for i = i ∈ I the basins of a i and a i are disjoint; • for j ∈ J, the critical point c j is in the basin (not necessarily the immediate basin) of a ω(j) , where ω : J → I the given function; the forward orbit of c j is infinite, for j = j the grand orbits of c j and c j are distinct, and the grand orbits of c j and c ω(j) are distinct; • for k ∈ K, there are no restrictions on the behavior of c k .
for which the underlying map f 0 is hyperbolic and without critical orbit relations can be regarded as an element of Z for a variety of different choices of subsets I, J, and that such a choice determines the function ω : J → I uniquely. Also, the space Z contains many combinatorially distinguished connected components, since we have not specified e.g. how many iterates are needed for c j to map into the basin of a ω(j) .
We
, and is therefore a complex manifold of dimension 2d − 2. In particular, Z(f × 0 ) is a complex manifold of dimension 2d − 2.
Fixing the multipliers. The space
denote the location of the attracting periodic point whose immediate basin contains c i , and let p i (f × ) be the period of this attractor. Clearly, these are functions of f × . Hence the location of each point in the attractors a i , and the multiplier λ i of this attractor, are in fact a function of f × . We denote by Λ the multiplier map:
where ∆ = {λ : |λ| < 1} and ∆ * = ∆ − {0}. 
From the theory of holomorphic functions of several complex variables, we immediately obtain (see Corollary C.10, p. 23 of [Gun] ):
|I| which is a closed subset of Z, with respect to the induced topology of Z.
Note that the fibers
. This is again closed in Z. Proof of Proposition 2.1. Denote by H = {x + iy, x > 0} the right half plane. For any s ∈ H, define a homeomorphism l s : C → C by
It is a quasi-conformal map on z, and it depends holomorphically on s. An easy calculation shows that l s (λz) = λ|λ|
1 be the attractor (say of period p) whose immediate basin B i contains the critical point c i . Let B i be the entire basin of a i . Choose a holomorphic map
Extend it then to B i by the following recipe:
where n is any nonnegative integer for which f •n (z) ∈ B and [n/p] is the greatest integer less than or equal to n/p. The extended ψ satisfies the same functional equation and maps a grand orbit of f onto a grand orbit of λz. 
Note that the map w : s → λ(s) is locally biholomorphic mapping a small neighborhood of (1, · · · , 1) onto a neighborhood U of λ 0 . Moreover the maps g × s are in Z. As a consequence, Σ :
is a holomorphic section of Λ.
2.4. Fixing critical points in linearized coordinates. The space X(f × 0 ). On the space Z, there is another map defined as follows. Fix temporarily i ∈ I and f × ∈ Z. Let a i ∈ P 1 be the point in the attracting cycle a i whose immediate basin B i contains the critical point c i . There is a unique normalized holomorphic map
, and ψ i (a i ) = 1 .
By hypothesis, c i has infinite forward orbit, so ψ i (c i ) = 0. Rescale to set
It is a linearizing map. We then extend it to B i as in the proof of Proposition 2.1.
Recall that φ i maps grand orbits of f onto λ i -orbits. From the definition of the subspace Z, recall that: Notation. We set
where the big diagonal is the locus where two or more coordinates have the same λ i -orbit. Thus for each i ∈ I we have a function
Putting these together, we have a function
which records the locations of the critical points c j in the linearizing coordinates. 
Corollary 2.2. Given f × 0 ∈ Z, the fiber of the restriction 
holomorphic on u and injective on z, and M ij (w j , ·) is the identity. Let M i : ∆ i × C → C be the following holomorphic motion:
• For each j ∈ ω −1 (i) and any pair (u, z)
Note that by construction M i (u, ·) commutes with the multiplication by λ i . Do this for every i ∈ I. Fix now u ∈ U . We define a new complex structure σ(u) as follows: for each i ∈ I, σ(u)| Bi is the pull-back by M i (u| ∆i , ·) and then by φ i of the standard structure, σ(u)| C− i Bi is the standard structure. Such structure is f -invariant by construction, and is holomorphic on u. Let h u be the unique integrating map fixing 0, 1, ∞.
Note that the same proof can be adapted to get similar results in a parabolic basin or a rotation domain.
Given f 
Note that elements of Poly The connectedness locus is the subspace of Poly
consisting of maps whose Julia set is connected. Equivalently, the orbit of every critical point c m is bounded. Later, we will need the following result:
Lemma 2.2. The connectedness locus is a bounded subset of Poly
has connected Julia set. Let K f be the filled-in Julia set of f . By a theorem of Böttcher, there is a unique Riemann map
which is tangent to the identity at infinity and which conjugates w → w d to f . Note that 0 ∈ K f . By the Koebe 1 4 -theorem (applied in the 1/z coordinates), the image of Σ contains a spherical disk centered at infinity whose radius is independent of f ({|z| > 4}). Thus K f is contained in {|z| ≤ 4}, independent of f . Since the critical points c m of f are contained in K f , the lemma follows. 
Proposition 2.3 (Spinning path lifts to GRat
is continuous and is the projection of a continuous path By conjugacy H t (c i ) is in the immediate basin of H t (a i ) and any i ∈ I, and
. By Lemma 2.1, the multiplier of H t (a i ) is independent of t. Thus the multiplier map Λ is constant on the spinning path σ × , and so
is the normalized linearizing map on B i . Assume that i ∈ I and a i does not attract the spun critical point c. Then for
coincides with the normalized lineariser in the definition of Φ.
Assume now i ∈ I such that a = a i does attract the spun critical point c. Then
, by Lemma 2.1, and the fact that c j,t is not in the grand orbit of c. In particular φ i,t (c i,t ) ≡ −1. So, again, φ i,t coincides with the normalized lineariser in the definition of Φ.
It follows that the function Φ is constant on σ × . Thus
) and the Proposition is proved.
Remark. Let f × 0 , γ,σ be as in the example in §1.4, but now let t → −∞. Using the symmetry z → −z of f 0 it is straightforward to verify that the resulting path is the same as the path defined by spinning the other critical point b outward along a curve which is the image of the negative real axis under projection from the linearizing coordinate. In the limit, the critical point b lies in a parabolic basin (by Theorem 1.5) and so the locus X(f × 0 ) of points for which b converges to the origin is indeed not closed.
Limits of spinning, I
In this section, we prove Theorem 1.4, which explains what dynamical features are preserved when passing to a limit of spinning.
Proof. Conclusion (1) follows by Lemma 9.4 below. Conclusion (2) follows by Lemma 2.1. We now prove (3).
Let φ : (B, a, b) → (C, 0, −1) be the normalized linearizing map for the attractor a. Extend φ to the grand orbit of B. Let p : C * → T be projection onto the quotient torus (i.e., identifying z to λz). In the linearizing coordinate plane C, the conjugates translation by −1 to multiplication by λ = F (a). Consider the domain in the linearizing coordinate plane given by
(See Figure 7. ) Note that V is open, contains the origin, is forward-invariant under multiplication by λ, omits φ(c) and φ(F (c)), and contains the images under φ of all other critical points in the grand orbit of B. Let U = φ −1 (V ). Then conditions (i)-(ii) of the conclusion (3) hold.
To prove (iii), let U 0 be the component of U containing a. Then U 0 is forwardinvariant. Let φ t , h t be as in the proof of Proposition 2.4, let V t = h t (V 0 ), and let U t = H t (U 0 ); see Figure 7 .
Fix t ∈ R. If s < t, then V s ⊂ V t . Thus, the family of maps
provides an isotopy from the restriction id| V0 of the identity map to the map h t : V 0 → V t . Let B be the complement in B of the critical points of F and all of their backward orbits; see Lemma 9.1. Let U 0 = U 0 ∩ B , and put V 0 = φ 0 (U 0 ). Then by Lemma 9.1 the restriction φ 0 : U 0 → V 0 is a covering map. Similarly, with the corresponding notation, φ t : U t → V t is also a covering map.
For each s in 0 ≤ s ≤ t, the map h s is the identity on C − p −1 (A). In particular, it is the identity on each puncture of V 0 . Since h t : V 0 → V t lifts under φ 0 , φ t to H t : U 0 → U t , by lifting of isotopies we have that id|V 0 : V 0 → V t lifts to a holomorphic embedding
Using similar reasoning, one can inductively extend J t to each component of U to obtain an embedding J t :
To prove (iv), apply Lemma 9.3 with W = U 0 to conclude that after passing to subsequences, the holomorphic maps J t |U 0 converge locally uniformly to a map J which is either an embedding, or else is a constant map with value in Fix(G). Since U 0 contains both the visible critical point b and the fixed point a, if J were constant, then J(b) = lim n→∞ J tn (b) would be a fixed critical point of G, i.e., a fixed point of multiplier zero. On the other hand, J(b) = J(a) = lim n→∞ J tn (a) = a tn = a ∞ is a fixed point of multiplier λ = 0 by (2). This is not possible. Hence J is an embedding of U 0 into P 1 . The maps J tn are actually defined on all of U; as before we may assume that J tn : U → P 1 converges locally uniformly to a map J :
Limits of spinning, II
Here, we study what new dynamical features develop in limits of spinning. These are summarized in Theorem 1.5, which we now prove.
Proof. Theorem 1.4 implies that after passing to subsequences, 
a complex torus, and that
A is an annulus on T with core γ. The statement below makes precise the idea that, under these assumptions, points which get "spun" move off to infinity from the point of view of the attractor at the origin.
Proposition 4.1 (Spun points tend to infinity). Let z ∈ Ψ
−1 (A), and suppose z ∞ is any limit point of z tn = H tn (z). Then z ∞ is not in B ∞ .
Proof. By Lemma 2.1,
For example, if Ψ(z) lies in the central subannulus of A where the conjugacies h tn are conformal then h tn (φ(z)) = λ −tn φ(z) which tends to infinity as t n → +∞. Here, we have made nontrivial use of the hypotheses that γ is oriented outward, and t n → +∞. 
converge as well. Thus z ∞ ∈ B ∞ would imply that φ tn (z tn ) converges to a finite value, which by the previous paragraph is impossible.
Proof of Theorem 1.5. Let A c be the central subannulus of A on which the spinning map h is holomorphic (see Figure 1 ). Let W be the component of Ψ −1 (A c ) whose closure contains the attractor a. By the standing assumption (A2) W exists, is unique, and F (W ) ⊂ W . (In Figure 6 , the subset W is a slightly skinnier version of the prominent (green) light region on the right-hand side of the upper left image, and c is visible.) Suppose c is visible after r ≥ 0 steps. Then r is the smallest nonnegative integer for which F r (c) ∈ W . The conjugacies H tn are holomorphic on W . Lemma 9.3 implies that after passing to a subsequence, the maps H tn | W converge to a limit H ∞ which is either univalent and conjugates F |W to G, or is a constant map with image a equal to a fixed point of G.
If a is attracting or superattracting, then the basin of a contains G r (c ∞ ). By Proposition 4.1, the basin of a is disjoint from B ∞ . This is impossible, since then for n large, F tn would have F r tn (c tn ) and a tn in disjoint basins; a contradiction. Thus, G r (c ∞ ) = a , a repelling or neutral fixed point.
∈ Ω, and G(Ω) = Ω. We claim that Ω must be parabolic; the condition G(Ω) = Ω implies that the multiplier is one. The same argument as that given in the previous paragraph shows that Ω = B ∞ and that Ω cannot be an attracting or superattracting basin. The map F |W has the property that F (W ) ⊂ W and that under iteration, every orbit leaves any compact subset. The same is true therefore for G| H∞(W ) . So Ω cannot be a Siegel disk or Herman ring either. By the classification of Fatou components, Ω is a parabolic basin. In the former case, c ∞ must be itself in Ω as well, since Ω must contain a critical point, and by assumption (A3) the orbit of c does not contain other critical points. All other critical points converge to attractors, so G has no other parabolic basins and is therefore geometrically finite.
In the latter case, G r (c ∞ ) cannot be neutral, since this would require the existence of another critical point having infinite orbit and not converging to an attracting cycle. Hence G r (c ∞ ) is a repelling fixed point, G has no parabolic basins, and G is subhyperbolic, hence geometrically finite.
5. Proof of Theorems 1.1 and 1.2
Let f be a critically generic hyperbolic rational map without critical orbit relations, or a hyperbolic polynomial with connected Julia set and without critical orbit relations. Let a, B, γ, c, b be as in Theorem 1.2, and suppose c is visible after r steps. Let σ : [0, +∞) → Rat d /Aut(P 1 ) be the spinning ray. In case f is a rational map, we make the assumption that the spinning ray has at least one limit point in Rat d /Aut(P 1 ). In the polynomial case, existence of a limit point follows since the connectedness locus is bounded (Lemma 2.2).
If f is a rational map, conjugate it and label its critical points to produce f . We now verify the assertion in Step 2 of the outline in §1.4. Let Ξ denote the set of limit points of the spinning ray in Rat d /Aut(P 1 ), and let Ξ denote the set of limit points of its lift in X(f
be the natural projection which forgets the labelling of critical points and records the conjugacy class.
Let
. We must show that after passing to subsequences, f
. Since the possible labellings are finite in number, it suffices to prove that the underlying maps f tn converge to g. The definition of the quotient topology on Rat d /Aut(P 1 ) implies that there exist
, and π ×, * (G) = ξ ∞ . By Theorem 1.4, the critical points of G are distinct. We may choose labelling of critical points so that
, since the set of possible labelling is finite. We may then write
n where M n ({0, 1, ∞}) is contained in the set of critical points of F tn . Since the critical points of F tn converge to those of G, which are distinct, after passing to a subsequence we have M n → M . Thus
By Theorem 1.4, for i ∈ I, the attractors a i (g × ) have the same multiplier, the critical points c i (g × ) have linearizing position −1, and for j ∈ J, the critical points c j (g × ) have the same linearizing coordinate as
Step 2 is shown. By Corollary 1.5, any limit point g × of σ × (t) has either a 1-parabolic fixed point, or else g r (c ∞ ) is a repelling fixed point. That is, g ∈ X 1,1
mis are discrete subsets of X(f × 0 ). Since the spinning ray is connected, if two distinct limit points exist, then a continuum of limit points exists, which violates discreteness. Hence the spinning ray σ has a unique limit point in Rat d /Aut(P 1 ). This proves most of Theorems 1.2 and 1.3. The proof of the conclusion that the limit is independent of the representative γ and the annulus A, requires a bit of technology from Teichmüller theory and is given in §7.
Limits of spinning, III
In this section, we prove Theorems 1.6 and 1.7. We first recall some notation. A−γ is the union of two annuli A ± , with core curvê γ ± (see Figure 1) . Denote by δ
) the unique lifts whose closures contain the attractor a. Assume c is visible. Conclusion (1) follows immediately from Corollary 1.5. Taking subsequences if necessary, we may assume
We will make use of the structure theorem for geometric limits of invariant strips (Appendix 8).
In our setting a ∞ ∈ Γ ± is an attracting vertex. It follows by Theorem 8.6 that Γ ± has exactly one edge ζ ± contained in B ∞ . By Theorem 1.5 and Corollary 1.5, c ∞ ∈ H ∞ (W ) ⊂ Ω, with Ω a fixed parabolic basin, H ∞ is univalent, G has no other parabolic basins, Ω contains no other critical points. Therefore G|Ω is conformally conjugate to the "cauliflower" z 2 + 1 4 . The set H ∞ (W ) represents an annulus in Ω/G and contains the unique puncture (corresponding to c ∞ ). Thus H ∞ (γ ± ) are two loops in Ω ending at the parabolic point v, symmetric under an anticonformal involution of H ∞ (W ). By Theorem 8.6, every other edge of Γ ± is contained in Ω, is therefore a loop based on v. So Γ ± has only two vertices: a ∞ and v. As the backward end of ζ ± is a nonattracting vertex of Γ ± , it must be v. So v ∈ ∂B ∞ . In summary, Γ + ∪ Γ − looks like Figure 8 , possibly with infinitely many loops. This proves conclusion (2).
Conclusion (3) is more delicate.
Claim 1. The point v is split into two fixed points for nearby maps. This is due to the fact that v has multiplicity 1. 
Claim 3. Γ + (resp. Γ − ) intersects ∂P − {v} only on one side, e.g. the side of
Proof by contradiction. Take the outermost edges ι 1 , ι 2 of Γ + on each side. Adjust P so that each ι i intersects ∂P − {v} at only one point, transversally, and points outwards. Enlarge I into an arc I ⊂ ∂P so that it intersects only ζ + , ι 1 and ι 2 among the edges of Γ + . Choose U a small neighborhood of ζ + . Adjust U and P so that κ = ∂(U − P ) ∪ I is a Γ + -transversal graph, intersecting Γ + only on I , and at three points. By Theorem 8.5, for large n, γ + tn ∩ κ has essentially the same oriented structure. However, γ + tn is an embedded arc without self-intersections. This is not possible by the Jordan curve theorem. 
The first inequality now follows with m equal to slightly less than the real part of the index of G at v. Since |λ ± tn | > 1, the second inequality is trivial.
Case c not visible is much easier. We omit the details. Theorem 1.7 follows immediately from Theorem 1.6, since the conclusion (3) (i.e., u + = u − ) of Theorem 1.6 is violated.
Interpretation via Teichmüller theory
In this section, we give an alternative construction of the complex manifold X(f × 0 ) presented in §4, and we prove the uniqueness assertion of Theorems 1.2 and 1.3.
Moduli spaces. Fix
• a complex torus T , • a nonempty set {z 1 , . . . , z l } of distinct points on T , • a nonzero primitive homology class α ∈ H 1 (T, Z).
We let S = T − {z 1 , . . . , z l }, so that S = T . We recall that a quasiconformal homeomorphism h : S → S extends uniquely to a quasiconformal homeomorphism h : T → T .
Recall that the modular group Mod(S) = QC(S)/QC 0 (S), where QC(S) is the group of quasiconformal homeomorphisms of S to itself and QC 0 (S) is the normal subgroup of those maps which are isotopic to the identity through qc maps which leave the punctures fixed. The group Mod(S) (anti)-acts properly discontinuously by holomorphic automorphisms on the Teichmüller space via
Define P Mod(S, α) to be the subgroup of Mod(S) represented by those maps h : S → S for which h(z j ) = z j , j = 1, . . . , l and for which h * (α) = α, where h * : H 1 (T, Z) → H 1 (T, Z) is the induced map on homology. It is a subgroup of the pure modular group consisting of maps which fix each puncture, but is not a normal subgroup.
Let M(S, α) = Teich(S)/P Mod(S, α).
Proposition 7.1. The space M(S, α) is a complex manifold of dimension l.
Proof. It is enough to prove that the action is fixed-point free. Let h ∈ P Mod(S, α), and let (ψ : S → S ) represent a fixed point for h. Then there exists a conformal isomorphism g : S → S such that h is isotopic to ψ −1 gψ. Moreover, g : T → T fixes the primitive nonzero homology class ψ * (α) ∈ H 1 (T , Z).
By assumption T has at least one marked point z 1 which must fixed by g. Let p : (C, 0) → (T , z 1 ) denote a universal cover, Λ its deck group acting by translations, and letg : (C, 0) → (C, 0) be a lift of g under p. Theng(w) = ωw for some ω ∈ C * . Since g fixes a nonzero homology class,g fixes a nonzero element of Λ. Hence ω = 1, i.e.,g is the identity. Thus g : S → S is the identity and h is isotopic to the identity. (a) the fiber F above a point S is a properly embedded holomorphic disk which is naturally identified with the universal cover of S , and (b) there is a natural embedding
such that the restriction of ι(γ) to F coincides with the action of γ on the universal cover of S .
Proof. See e.g. [Nag] , §5.3 for (1) and [Kra] for (2).
New construction of X(f × 0 ). We consider only the case of rational maps; the polynomial case is entirely analogous. Assume a decomposition C = {1, 2, 3, . . . , 2d − 2} = I J K and a function ω : J → I are given as in §4, and suppose f
denote the quotient surfaceB i /f corresponding to the ith attractor of f × (i.e., S i is the corresponding torus T i punctured at the orbits of all critical points in the basinB i ). Let S i (f × ) be the surface S i (f × ) with the punctures corresponding to free critical points
, Z) denote the canonical homology class. Abusing notation let us denote by c i (f × ), c j (f × ) (j ∈ ω −1 (i)) both the critical points and their images under projection to T i .
Lemma 7.2. The correspondence f
Proof. Up to composition with an element of P Mod(
, there is a unique isotopy class of quasiconformal map ψ :
To show that ϕ i is holomorphic, use the fact that the multiplier λ i (f × ) and the locations φ i (c j ) of the critical points in the linearizing coordinates vary holomorphically in f ; see §4.
Proof. Let f × ∈ Z. By ( [MS] , Thm. 6.2), the Teichmüller space of any rational map f is naturally isomorphic to
The second factor is a polydisk corresponding to invariant line fields supported on the Julia set (conjecturally, this occurs only in the case of Lattès examples). The third is a polydisk corresponding to deformations supported in Siegel disks, Herman rings, and superattracting basins. The first factor is in turn isomorphic to a product of Teichmüller spaces of quotient surfaces. Hence the Teichmüller spaces of quotient surfaces appear naturally as factors in the complex manifold which is the Teichmüller space of f . Moreover, there is a canonically defined holomorphic map
obtained by straightening. By taking the qc conjugacy to fix zero, one, and infinity, we get a lift η × whose image lies in Z by construction. We have the following commutative diagram of pointed complex manifolds:
Here, ν i : Teich(S i ) → Teich(S i ) is the map induced by forgetting punctures corresponding to free critical points, and ι is the inclusion map. The map on the bottom is a (universal) holomorphic covering map. By Theorem 7.1, each ν i : Teich(S i ) → Teich(S i ) is a holomorphic submersion, therefore the product is a submersion as well. Since the diagram commutes, it follows that the derivative of ϕ is surjective when evaluated at f × , and the proof is complete.
Fix again i ∈ I and let n i = #ω −1 (i). Recall from §4 that
where the big diagonal is the locus where two or more coordinates have the same λ i -orbits. The map ϕ i : Z → M i can be written as a composition
The second map ϕ i is the one induced by sending the pair (λ, (w 1 , . . . , w ni )) to the quotient torus C * / w → λw punctured at the images of −1 and at the w j 's.
Using this it is easy to see that the map ϕ i is in fact an infinite covering. It follows that the |K|-dimensional analytic set X(f × 0 ) constructed in §4 coincides with the connected component of (ϕ ) 
By Theorem 7.1, the fiber F above the basepoint S i is canonically identified with the universal cover of S i and is a properly embedded holomorphic disk. Spinning continuously about γ defines a mapσ : R → F such thatσ(0) is the basepoint S i . Identifying factors with their images under the canonical inclusion (i.e., using basepoints corresponding to f 0 in the factors other than i) we have the following diagram of pointed manifolds:
Let t ∈ Z, let i be the index of the attractor in which spinning takes place, and let h : S i → S i denote the quasiconformal homeomorphism as in the definition of spinning ( §1). Then h represents an element of the pure modular group P Mod(S i ). Since Mod(S i ) anti-acts on Teich(S i ) by precomposition on the marking maps, if we set
τ.σ(t) =σ(t + 1) for all t ∈ R. The lemma below follows from Theorem 7.1. 
Appendix: Geometric limits
In this section, we analyze the possible geometric limits of restrictions of rational maps to certain forward-invariant open disks, called invariant strips.
Invariant strips. Let L be a positive real number. The standard strip S is the domain {x + iy | |y| < L}.
The standard translation T : S → S is given by T (x+iy) = x+iy−1, i.e., translation by one unit to the left. The standard central line R is conformally distinguished as the unique geodesic (with respect to the hyperbolic metric on S) stabilized by T . In the following, we shall be concerned exclusively with the case when the parameter L is fixed.
Definition 8.1 (Invariant strip). Let f : P 1 → P 1 be a rational map. An invariant strip of f is an open, simply-connected set A ⊂ P 1 such that the restriction f |A is holomorphically conjugate to the standard translation on the standard strip. The central line γ of A is the unique hyperbolic geodesic stabilized by f |A.
The following lemma follows from a normal families argument and the Snail Lemma [Mil] , Lemma 16.2. Assume, for the remainder of this section, that f n → g uniformly, A n ⊂ P 1 are invariant strips for f n with central lines γ n , and γ n → Γ in the Hausdorff topology of compact subsets. We now analyze the structure of Γ.
Denote by a n , u n the forward and backward ends of γ n , respectively.
Theorem 8.5 (Stability of transversal). Let κ be a Γ-transversal graph. Then taking a subsequence if necessary,
(1) Γ ∩ κ is finite.
(2) There is n , for any n ≥ n , #γ n ∩ κ = #γ n ∩ κ = #Γ ∩ κ, γ n ∩ κ → Γ ∩ κ in the Hausdorff topology. Furthermore, γ n is transversal to κ, in the same orientation as Γ ∩ κ.
Proof.
Each γ e is a real-analytic arc. By transversality it meets κ in at most finitely many points. Only finitely many edges of Γ can meet κ. So Γ ∩ κ = {y i } is finite. For each i choose y i,n ∈ γ n converging to y i . Let h i,n : S → A n be a conjugacy from the standard translation T to f n , mapping 0 to y i,n . Taking subsequences if necessary, we may assume, for every i, h i,n | S → l i | S locally uniformly. As l i (0) = y i and y i is not fixed by g, l i is univalent. Therefore l i (R) is an edge of Γ.
Cover now Γ ∩ κ by finitely small disks D i , with boundary transversal to both Γ and κ. We may choose D i small enough so that D i ⊂ l i (∆), with ∆ some fixed small closed neighborhood of 0. For n large, γ n ∩ κ ⊂ D i by Hausdorff convergence. Note that, as analytic functions, the derivatives h i,n converges to l i locally uniformly as well, in particular uniformly on ∆. By transversality with κ, (h i,n (R ∩ ∆)) ∩ κ is a single point, is contained in D i , and the intersection is transversal, in the same direction as l i (R). Now γ n = h i,n (R) cannot cross D i again, as D i ⊂ h i,n (∆) and h i,n is univalent. (1) V = Γ ∩ Fix(g) is nonempty and finite, and contains a ∞ , u ∞ . Proof. Assume that w = a ∞ is the forward end of a γ e . By the Snail Lemma, w is either attracting or 1-parabolic. It cannot be attracting as otherwise by stability some point of γ n would be in a distinct attracting basin than that of a n . So w is 1-parabolic. Assume a ∞ is attracting and there is more than one edge ending at a ∞ . Let D be a small disk centered at a ∞ , contained in the attracting basin, and whose boundary is a Γ-transversal. By Theorem 8.5, for large n, γ n intersects transversally ∂D with the same number of points, all pointing inside D. However, γ n is the central line of a single invariant strip. This is not possible by the stability of the attractors.
